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Abstract
The current standard model of cosmology assumes that the cosmological con-
stant Λ is constant. The parameters of this model were determined from measure-
ments of the Cosmic Microwave Background with high precision. Yet the model
predicts a Hubble constant at the present cosmological time that disagrees with di-
rect measurements by about 10% with 1% error. Many theoretical explanations have
been proposed to resolve the tension between the Hubble data. All of them require
fields or interactions of an otherwise unknown and as yet untested nature. Here we
show that the extrapolation of a theory well–tested in atomic, molecular and optical
physics is consistent with the facts. The theory relates Λ to Casimir forces of the
quantum vacuum with the expanding universe acting as a time–dependent medium.
We also predict how Λ varies with redshift, which can be tested in measurements of
the cosmological equation of state.
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1 Introduction
The standard model of cosmology [1] (the Λ Cold Dark Matter model) is partly based on
fundamental physics, partly inferred from measurements of the Cosmic Microwave Back-
ground (CMB) [2] and supported by other astronomical evidence. In particular, the uni-
verse is known [3] to be isotropic and homogeneous on cosmological scales (> 100Mpc)
with negligible spatial curvature [2]. On such scales, the average mass density ρ of the
universe consists of three contributions: radiation (photons and neutrinos), matter (bary-
onic and dark matter) and of the cosmological constant Λ. The mass density of radiation
decreases with the inverse fourth power of the expansion factor a, as each energy quantum
~ω goes with a−1 while the inverse volume is falling with a−3 (with ~ being the reduced
Planck constant). The mass density of matter just falls with a−3, and the cosmological
constant is assumed to be constant. From the Friedmann equation [4] follows for the Hub-
ble constant [4]H = d(ln a)/dt at cosmological time t (also called Hubble parameter [2])
the relation
H2 = H20
(
ΩR
a4
+
ΩM
a3
+ ΩΛ
)
(1)
where H0 denotes the Hubble constant at the present time t0 and the parameters Ωm
quantify the three mass contributions. The expansion factor is put to a = 1 at t = t0 and
so
ΩR + ΩM + ΩΛ = 1 . (2)
The contribution of radiation is given by the Stefan–Boltzmann law [1] for the CMB with
average temperature T0 at the present time:
H20 ΩR
8piG
= ρR = ηR
pi2 (kBT0)
4
15 c5 ~3
, ηR = 1 + 3
7
8
(
4
11
)4/3
(3)
taking into account the fermionic factor 7/8 for the three neutrino flavours and the feature
that cosmic neutrinos are (4/11)1/3 colder than the photonic CMB [1]. As usual, c denotes
the speed of light in vacuum and kB is Boltzmann’s constant. The average temperature
T0 of the CMB is measured with high precision [2]. The ratio ΩR/ΩM governs the time
scale of the dynamics of radiation, matter and metric fluctuations until the time tL of last
scattering when the CMB is released [1]. The ratio ΩR/ΩM is thus inferred from the
correlation spectrum of the CMB fluctuations [1]. This spectrum is made by acoustic
waves of light coupled to baryonic matter. For relating their wavelength to the angle of
observation one needs to know their distance, the distance of last scattering, which is c
times the conformal time [1]
τL =
∫ t0
tL
dt
a
=
∫ 1
aL
da
a2H
(4)
with H from Eq. (1). The release of the CMB at the time tL of last scattering [1] happens
out of thermal equilibrium [1] and so depends on the rate of expansion. One finds from
CMB measurements [2] aL = 0.9242 × 10−3. The contribution ΩΛ of the cosmological
constant is inferred from τL of Eq. (4), which is the only parameter of the CMB that
significantly depends on ΩΛ for the following reason. For a ≤ aL the contribution of
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the cosmological constant in the ΛCDM model of Eq. (1) lies about 10−9 below the one
of matter (and it is even lower in the radiation–dominated phase of cosmic evolution),
and so Λ is negligible in the fluctuation dynamics that give rise to the CMB correlation
spectrum. Only how this spectrum expands and turns into an angular distribution depends
on the cosmic expansion after tL and hence on H20 ΩΛ. Having all H
2
0 Ωm determined,
Eq. (2) implies
∑
mH
2
0 Ωm = H
2
0 , which finally gives [2] all parameters in Eq. (1) of
the cosmological standard model: ΩR = 0.925 × 10−4, ΩM = 0.3153 ± 0.0073, ΩΛ =
0.6847± 0.0073, and H0 = 67.36± 0.54 km s−1Mpc−1.
The problem is that the prediction of the Hubble constant H0 from the CMB [2] dis-
agrees with direct astronomical observations [5, 6, 7]. The Hubble constant has been
directly determined [5] from Hubble’s law [4] that relates the redshift of light due to cos-
mic expansion to the distance of a light source. Knowing the distance of bright stars from
astronomical distance ladders and measuring their redshifts gives the actual value of the
present Hubble constant we call H1 here to discriminate it from H0, and H1 6= H0 by
about 10%. The latest figure [5] of H1 = 74.22± 1.82 km s−1Mpc−1 was independently
confirmed by data from gravitational lensing [6] and it deviates from H0 well outside the
error bars of either quantity. The two observations [5, 6] combined give 5.3σ confidence
in the deviation of H1 from H0 which meets the threshold of particle physics for a dis-
covery. Many attempts [8] have been proposed to resolve the Hubble tension [7]. All of
them require new physics: fields [9, 10, 11] or interactions [11, 12, 13] that have not been
empirically verified elsewhere, and all focus on the early stage of the cosmic expansion
before the CMB was released. Here we take a radically different route: we relate the ob-
served deviation from the ΛCDM model to the extrapolation [14] of a theory [15, 16, 17]
well–tested in atomic, molecular and optical physics [18], and we find deviations in the
late stage of cosmic expansion, consistent with the observations [5, 6].
2 Theory
To reconcile the conflict between the predicted and the measured Hubble constant it seems
wise to modify the part of the cosmological standard model that is least supported by
empirical evidence and theory alike, and this is the constancy of Λ. The quantity ΩΛ
is empirically inferred from only one parameter of the CMB spectrum, and a one–time
measurement cannot prove constancy. The theory that predicts a constant Λ, Zel’dovich’s
theory of vacuum fluctuations [19] and its modern variations [20], disagrees with ΩΛ by
many orders of magnitude [20]. Yet while Zel’dovich’s theory [19] has failed to derive the
correct value of ΩΛ the idea of vacuum fluctuations causing the cosmological term Λ may
still be valid [21]. It only needs to be combined with a modern version of Lifshitz theory
[15, 16, 17] of vacuum forces [22]. These forces are the Casimir forces [18] in dielectric
media [23]. Casimir forces do not only act between dielectric bodies such as mirrors,
but also inside bodies, as inhomogeneous dielectric media [23] do exert local vacuum
forces as well [24]. Lifshitz theory can be applied to cosmology [21], because space–time
is analogous to a medium: Maxwell’s equation in curved space–time are equivalent to
Maxwell’s equations in magneto–electric media [25]. The electromagnetic field and its
fluctuations perceive the expanding universe as a spatially uniform but time–dependent
medium with a refractive index that is proportional to the expansion factor a. The other
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gauge fields of the standard model of particle physics have the same structure as the
electromagnetic field [26] and are therefore expected to perceive the cosmic expansion in
the same way.
For a given cosmic expansion, Lifshitz theory in time–dependent media [14] predicts
the energy–momentum tensor of the quantum vacuum. In turn, the vacuum energy and
stress reacts back on the cosmic evolution. In the following we express this self–consistent
dynamics [21] as a modification of the cosmological standard model. Here ΩΛ is no
longer constant but responds to the cosmic evolution. The theory [14, 21] amounts to a
modification of the cosmological standard model:
H2 = H20
(
ΩR
a4
+
ΩM
a3
+ Ω
)
(5)
using the same H20 ΩR and H
2
0 ΩM as determined from CMB measurements [2]. The mod-
ified vacuum contribution Ω is written here with the same prefactor H20 as inferred from
the CMB assuming the constancy of Ω, for being able to compare the two models. But
now Ω is a dynamical quantity with equation of motion
H20
dΩ
dt
= 4αΛH∆ (6)
where ∆ describes the response of the renormalized vacuum energy to changes of the
expansion factor a and αΛ denotes a dimensionless coupling parameter that depends on
the dispersion of gravity, assumed near the Planck scale, and on the number of fields
contributing to the total of vacuum fluctuations [14]. For the electromagnetic field and
assuming a cut–off at exactly the Planck scale [14] αΛ = (9pi)−1. For being dynamical
Ω does not sum up to unity with ΩR and ΩM. The response ∆ depends [14, 21] on
the Gibbons–Hawking temperature of the cosmological horizon [27] and whether1 this
temperature is taken with respect to cosmological time t or conformal time τ :
∆t = ∂
3
t
1
H
, ∆τ = ∆t +H∂
2
t
1
H
. (7)
Equations (6) and (7) show that Ω remains constant for an inverse Hubble constant that
varies linearly with time t, which is the case for radiation–dominated evolution (H−1 =
2t), matter domination (H−1 = 3
2
t) and the vacuum–dominated era (H = const) [1]. The
vacuum contribution Ω thus varies in the transitions between these eras. The question
is whether such a dynamical theory of Λ can account for the observed deviation of the
Hubble constant.
For answering this question in the simplest possible way, we calculate analytically Ω
assuming that it only makes a perturbation to the cosmic evolution (see Appendix A for
the details). In this case we can use the unperturbed expansion for calculating ∆ in Eq. (7)
and then integrate Eq. (6) for determining Ω. Given a coupling parameter αΛ, we adjust
the integration constant such that the conformal time of last scattering, Eq. (4) with Eq. (5)
1In the published version [14] of the Lifshitz theory of Λ, the Hubble constant Hτ = d(ln a)/dτ
was used in the Gibbons–Hawking temperature kBT = (2pi)−1~Hτ , which gives ∆τ = a−2∂3τH−1τ =
∂3tH
−1 + H∂2tH
−1 in terms of the ordinary Hubble constant H = d(ln a)/dt. The latter in kBT =
(2pi)−1~H gives just ∆t = ∂3tH−1.
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for H , matches the τL read off from the angular scale of the CMB spectrum. We then
need to see whether the Hubble constant H1 at the present time agrees with the measured
value. Figure 1 shows that for the choice ∆τ one always gets H1 < H0 for αΛ . 0.1
(where perturbation theory is applicable). This indicates that the original Lifshitz theory
of the cosmological constant [14] based on the Gibbons–Hawking temperature [27] with
respect to conformal time, is ruled out by empirical evidence [5, 6]. On the other hand, as
Fig. 1 also shows, choosing ∆t gives H1 > H0 and matches H1 = 74.22 km s−1Mpc−1 at
αΛ = 0.039. This is almost exactly the value of (9pi)−1 predicted for the electromagnetic
field [14] with the Planck length as cut–off. The theoretical value of the Hubble constant
for αΛ = (9pi)−1 differs by only 2% from the observed value [5].
3 Discussion
For the simplest choice of coupling parameter αΛ we have found that Lifshitz theory [14]
is in good agreement with the observed Hubble constant [5, 6]. However, the effective
Planck length is not sufficiently well–defined to draw firm conclusions. The Planck length
`P with `2P = ~G/c3 (and G being Newton’s gravitational constant) is determined by
dimensional analysis. The Bekenstein entropy [28] of the event horizon and the entropy
of causal horizons [29] indicate that the fundamental area element of space–time is given
by 4`2P which would imply that 2`P should be chosen as Planck length. As αΛ goes [14]
with the inverse square of the effective Planck length, it is sensitive to such differences.
Furthermore, the U(1) ⊗ SU(2) ⊗ SU(3) standard model of particle physics contains
1 + 3 + 8 = 12 gauge fields, and presumably each one contributes equally to αΛ. We
also noticed that non–perturbative numerical solutions of Eqs. (5-7) induce oscillations
around the perturbative solution. These are probably artefacts of the assumed hard cut–
off at the effective Planck scale instead of a more realistic gradual transition. Taken all
these uncertainties into account, we can only state that the theory agrees with the data
[2, 5, 6] within the expected range of αΛ. The precise value of αΛ is best inferred from
astronomical measurements [5, 6].
We checked whether the dynamics of the quantum vacuum also modifies the early
stage of the cosmic expansion (Appendix B). We found that the variation of Ω influ-
ences only the transition period between radiation and matter domination, as expected.
There the vacuum contribution reaches maximally 2% of the total energy for αΛ = 0.039
(whereas at the late stage of expansion the vacuum contribution reaches 100%). The slight
influence of the vacuum during the early history of the cosmic expansion does not change
our conclusions about the late stage, but it might help to resolve some of the subtle ten-
sions [7] between the ΛCDM model and the CMB data [2]. This is a matter of future
research; here we focus on the primary problem, the Hubble tension.
The Lifshitz theory of the quantum vacuum [14] is consistent with both the CMB
data [2] and direct measurements of the Hubble constant [5, 6] if the Gibbons–Hawking
temperature is taken with respect to cosmological time. This is also a reasonable choice,
because it naturally includes massive fields, such as the ones of the weak interaction [26],
that are no longer conformally invariant [26]. Apart from being consistent, our theory also
makes a prediction that will become testable in the near future: Figure 2 shows the Hubble
constant as a function of redshift as predicted from our solution. Although the strongest
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deviations from the ΛCDM model are yet to come in the future of the universe (Fig. 2a),
the past deviations are noticeable within the expected accuracy of 10%. Comparing the
prediction (Fig. 2b) with data will ultimately prove or disprove the so–far only theory of Λ
that does not rely on hypothetical fields, but rather on applying [14] experimentally tested
Casimir physics [18] to cosmology [1].
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Appendix A
In this appendix we use perturbation theory to calculate the deviation from the standard
cosmological model due to the dynamics of the quantum vacuum [14]. We focus on the
late stage of the cosmic expansion. As the radiation contribution is negligible after last
scattering (a ≥ aL) we can ignore ΩR here. In this case it is convenient to re–scale
expansion factor and time as n = (ΩΛ/ΩM)1/3 a and use t instead of ΩΛH0t. As the
cosmological expansion extends over several orders of magnitude it is wise to employ a
logarithmic scale ν = lnn with ν0 = 13 ln(ΩΛ/ΩM) at the present time. For mathematical
convenience we also regard t as a function of ν, and define θ ≡ ∂νt and η ≡ Ω/ΩΛ
where θ = 1/H for the Hubble constant with respect to re–scaled time. With these
simplifications and definitions, Eqs. (5) and (6) of the dynamics reduce to
θ =
(
e−3ν + η
)−1/2
,
dη
dν
= 8αΛ∆ (A1)
while Eq. (7) is translated into the relations
∆t =
1
θ2
∂ν
(
∂ν
θ′
θ
− 1
2
θ′2
θ2
)
, ∆τ = ∆t +
1
θ2
∂ν
θ′
θ
(A2)
where the primes indicate differentiations with respect to ν. Equations (A1) and (A2)
permit a scaling symmetry: given a solution θ1, the shifted and scaled
θ = θ1(ν − δ) e(3/2)δ (A3)
for constant δ is also a solution. Consider a θ1 with asymptotic value θ1 ∼ 1 for ν → +∞
(a solution where Ω approaches ΩΛ at infinity). Solutions with different asymptotic Ω∞
can always be constructed from this θ1 with the help of the scaling symmetry (A3) and
δ = −1
3
ln(Ω∞/ΩΛ). The perturbation due to the dynamics of the quantum vacuum is
confined to the transition period around ν = 0 between matter and vacuum domination
(Fig. 3). We thus take θ0 = (e−3ν + 1)−1/2 as the unperturbed solution, calculate ∆
according to Eq. (A2) and integrate:
ηt = 1 + 18αΛ
[
ln(e−3ν + 1)− 3
e3ν + 1
]
, ητ = ηt + 12αΛ ln(e
−3ν + 1) (A4)
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where we have chosen the integration constant such that η approaches the unperturbed
η = 1 for ν → +∞. In order to adjust this solution to give the same τL as read off from
the CMB correlation spectrum, we then apply the scaling symmetry (A3). For a fixed
value of αΛ the parameter δ is to be numerically adjusted such that the conformal time τ
from νL to ν0 gives the same value as the conformal time for the unperturbed and unscaled
θ0. As the deviations between θ0 and θ are negligible for ν ≤ νL one can equally well
compare the two conformal times from −∞ to ν0 and thus require
τ =
∫ ν0
−∞
θ e−νdν !=
∫ ν0
−∞
θ0 e
−νdν = 2
(
ΩΛ
ΩM
)1/6
2F1
(
1
6
,
1
2
,
7
6
,−ΩΛ
ΩM
)
(A5)
in terms of the hypergeometric function 2F1 and with ν0 = 13 ln(ΩΛ/ΩM). The require-
ment of Eq. (A5) always has a solution for a given positive αΛ  1. The question is
then whether for some αΛ the Hubble constant at the present time can be made equal to
the observed value H1, that is whether θ(ν0)/θ0(ν0) = H0/H1. We find (Fig. 1) that for
the choice ητ in Eq. (A4) and αΛ . 0.1 the predicted θ(ν0)/θ0(ν0) < 1 in contrast to
the observed increased value of the Hubble constant [5, 6]. For αΛ & 0.15 the curve of
θ(ν0)/θ0(ν0) rises above unity, but here perturbation theory is no longer trustworthy. We
regard the behaviour for αΛ  1 as characteristic and thus conclude that the choice ητ is
ruled out by empirical evidence. On the other hand, for ηt the curve of θ(ν0)/θ0(ν0) lies
above unity for αΛ  1 and we find a match with the observed value [5] of H1/H0 at
αΛ = 0.039 and with δ = −0.2.
Appendix B
In this appendix we calculate Ω for the early stage of the cosmic expansion using pertur-
bation theory (similar to Appendix A). Here we consider both ΩR and ΩM in Eq. (5)
and write the expansion factor as a = (ΩR/ΩM) eµ where µ = ν + µ0 with µ0 =
ln(ΩM/ΩR) +
1
3
ln(ΩM/ΩΛ) in terms of the logarithmic scale ν used in Appendix A.
Since µ0 = 7.8844 for the Ωm parameters quoted in the Introduction, the early stage we
consider here is well–separated from the late–stage evolution of Appendix A. We adopt
(Ω2M/Ω
3/2
R )H0t as the new time t and express the vacuum term as Ω = (Ω
4
M/Ω
3
R)ξ. We
then obtain from Eqs. (5-7) for the inverse Hubble constant ϑ = ∂µt the equations of
motion
ϑ =
(
e−4µ + e−3µ + ξ
)−1/2
,
dξ
dµ
= 8αΛ∆ (B1)
where ∆ is given by ∆t of Eq. (A2) with θ replaced by ϑ and ν by µ. We regard ϑ0 =
(e−4µ + e−3µ)−1/2 as the unperturbed solution, calculate ∆ and integrate Eq. (B1). In this
way we obtain
ξ = αΛ
[
6
eµ + 1
− 4
3
e−3µ − e−2µ + 8 e−µ − 14 ln(e−µ + 1)
]
(B2)
where we have chosen the integration constant such that ξ → 0 for µ→∞ to be consis-
tent with our unperturbed solution ϑ0. Figure 4 shows that this ξ is negative and peaked
around the radiation–matter equality at µ = 0 with a magnitude of maximally 2% for
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αΛ = 0.039. This early variation of the vacuum energy does not significantly influence
the late stage of the cosmic evolution (Appendix A) but it might resolve some of the
tensions between the ΛCDM model and the CMB data [7].
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Figure 1: Hubble ratios. Ratios of the Hubble constant H1 at the present time predicted
here and theH0 inferred from CMB measurements [2] as a function of the parameter αΛ in
the Lifshitz theory of the cosmological constant [14]. Two cases are considered, depend-
ing on which time is chosen in the Gibbons–Hawking temperature [14, 27]: conformal
time (blue curve) or cosmological time (black curve). For conformal time, H1/H0 < 1
for αΛ . 0.1 where perturbation theory is applicable, in conflict with measurements [5, 6]
of H1. For a Gibbons–Hawking temperature [27] with respect to cosmological time the
curve matches the data (dot) at αΛ = 0.039 which is almost exactly the value obtained for
electromagnetic vacuum fluctuations cut off at the Planck length.
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Figure 2: Prediction. With αΛ = 0.039 (Fig. 1) and δ = −0.2 [Eq. (A3)] the inverse
Hubble constant θ = H0/H is calculated (black curves) and compared with the standard
cosmological ΛCMB model (red curves). a: Inverse Hubble constant as a function of
expansion factor a. Differences between the ΛCMB model and the predicted θ occur at
the late stage of cosmic expansion, with the transition from matter to vacuum domination.
b: Hubble constant as a function of redshift z = a−1− 1 plotted from the present (z = 0)
back to the onset of deviations from the cosmological standard model. Measuring H
within this redshift range will test the theory.
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Figure 3: Perturbation theory. Comparison of the perturbed solutions (black, blue) for
θ1 with the unperturbed θ0 (red) as function of ν = lnn with n = (ΩΛ/ΩM)1/3 a. For the
black curve ηt of Eq. (A4) was used, whereas the blue curve was drawn with ητ . In both
cases, we put α = 0.039 (dot in Fig. 1) for illustration. One sees that the perturbation of θ0
happens in the transition period around ν = 0 (corresponding to the transition from matter
domination to vacuum domination). One also sees that the shapes of the perturbations are
different for the different choices of η, which results in θ(ν0)/θ0(ν0) above or below unity
when adjusted according to Eqs. (A3) and (A5) for having the same conformal time as θ0
(the same angular scale as the CMB spectrum [2]).
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Figure 4: Early variation of Λ. The figure shows the relative contribution λ of the
vacuum to the total energy as a function of µ = ν + µ0 (with ν of Fig. 3) and µ0 =
7.8844. Here λ = ϑ2ξ where ϑ and ξ are given by Eqs. (B1) and (B2) with αΛ = 0.039
determined (Fig. 1) from measurements [2, 5, 6]. One sees that during the early stage
of the cosmic expansion the vacuum energy is negative and varies only in the transition
period from radiation to matter domination around radiation–matter equality. At the late
stage (Appendix A, Fig. 2a) the vacuum energy is positive and takes over during the
transition from matter to vacuum domination.
14
